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A Derivation of Predictive Distributions
Here we detail the derivation of the covariate prediction distributions for unobserved covari-
ate values for model 2 described in Section 3.1.1 relating to the first order Markov model
with additive time and age effects.
Case (ii) bi < t < ci
Consider the predictive distribution of zi,t conditional on wi,t−1 and yi,t+k such that all
covariate values in the interval [t, t+ k − 1] are unknown (k ≥ 1). We have that
f(zi,t|wi,t−1, yi,t+k, η̂) ∝ f(zi,t|wi,t−1, η̂)f(yi,t+k|zi,t, wi,t−1, η̂)
= f(zi,t|wi,t−1, η̂)f(yi,t+k|zi,t, η̂).
Given that
zi,t|wi,t−1, η̂ ∼ N(wi,t−1 + κ̂t + γ̂j, σ̂2)
and
yi,t+k|zi,t, η̂ ∼ N
(
zi,t +
k∑
g=1
(κ̂t+g + γ̂j+g), kσ̂
2
)
,
1
we have that
f(zi,t|wi,t−1, yi,t+k, η̂) ∝ exp
(−(zi,t − (wi,t−1 + κ̂t + γ̂j))2
2σ̂2
)
× exp
−
(
yi,t+k −
(
zi,t +
∑k
g=1 (κ̂t+g + γ̂j+g)
))2
2kσ̂2

∝ exp
(
−1
2kσ̂2
(
kz2i,t − 2kzi,t(wi,t−1 + κ̂t + γ̂j)
−2yi,t+kzi,t + z2i,t + 2zi,t
 k∑
g=1
(γ̂t+g + γ̂j+g)

∝ exp
(−(k + 1)
2kσ̂2
×
(
zi,t −
(
k(wi,t−1 + κ̂t + γ̂j) + yi,t+k −
∑k
g=1 (κ̂t+g + γ̂j+g)
k + 1
))2 .
Thus the result follows that
zi,t|wi,t−1, yi,t+k, η̂ ∼ N
(
k(wi,t−1 + κ̂t + γ̂j) + yi,t+k −
∑k
g=1 (κ̂t+g + γ̂j+g)
k + 1
,
kσ̂2
k + 1
)
.
Case (iii) t < bi
Consider the predictive distribution of zi,fi conditional on yi,bi such that all covariates values
in the interval [fi, bi − 1] are unknown. We have that
f(zi,fi |yi,bi , η̂) ∝ f(yi,bi |zi,fi , η̂)f(zi,fi |η̂).
Given that
yi,bi |zi,fi , η̂ ∼ N
(
zi,fi +
k∑
g=1
(κ̂fi+g + γ̂1+g), kσ̂
2
)
where k = bi − fi and
zi,fi |η̂ ∼ N(ν̂fi , τ̂ 2),
2
we have that
f(zi,fi |yi,bi η̂) ∝ exp
−
(
yi,bi −
(
zi,fi +
∑k
g=1 (κ̂fi+g + γ̂1+g)
))2
2kσ̂2
× exp(−(zi,fi − ν̂fi)2
2τ̂2
)
∝ exp
 −1
2kσ̂2τ̂2
−2τ̂2yi,bizi,fi + τ̂2z2i,fi + 2τ̂2zi,fi
 k∑
g=1
(κ̂fi+g + γ̂1+g)

+kσ̂2z2i,fi − 2kσ̂2zi,fi ν̂fi
))
∝ exp
−(τ̂2 + kσ̂2)
2kσ̂2τ̂2
zi,fi −
 τ̂2
(
yi,bi −
∑k
g=1 (κ̂fi+g + γ̂1+g)
)
+ kσ̂2ν̂fi
τ̂2 + kσ̂2
2
 .
Thus the result follows that
zi,fi|yi,biη̂ ∼ N
 τ̂ 2
(
yi,bi −
∑k
g=1 (κ̂fi+g + γ̂1+g)
)
+ kσ̂2ν̂fi
τ̂ 2 + kσ̂2
,
kσ̂2τ̂ 2
τ̂ 2 + kσ̂2
 .
B Simulation Study - Convergence of Regression Pa-
rameters
Here we provide estimates of the survival regression parameters against the number of mul-
tiple imputations used within the two-step algorithm for the simulation study conducted in
Section 4 for a typical dataset for each possible scenario considered. Figure 1 considers the
case pw = 1 for each combination of the recapture and recovery parameter values and Figure
2 the analogous plots for pw = 0.6.
[Figure 1 about here.]
[Figure 2 about here.]
3
C Simulation Study - Recapture and Recovery Prob-
abilities
Figure 3 provides boxplots of the recapture and recovery probabilities for the simulation
study conducted in Section 4 for each possible scenario considered.
[Figure 3 about here.]
D Bayesian Analysis of Soay Sheep
We consider a Bayesian analysis of the Soay sheep dataset, with the corresponding results
provided in Section 5 of the paper. The following vague priors are specified:
νt ∼ N(0, 0.001) t = 1, . . . , 19
τ ∼ Γ(0.01, 0.01)
κt ∼ N(0, τκ) t = 2, . . . , 20
τκ ∼ Γ(0.01, 0.01)
γj ∼ N(0, τγ) j = 2, . . . , 14
τγ ∼ Γ(0.01, 0.01)
σ ∼ Γ(0.01, 0.01)
αk ∼ N(0, 0.001) for all age groups k
βk ∼ N(0, 0.001) for all age groups k
pt ∼ Beta(1, 1) t = 2, . . . , 20
λt ∼ Beta(1, 1) t = 2, . . . , 20.
4
The Markov chain Monte Carlo (MCMC) simulations are conducted in rjags (Plummer,
2003). Two chains of 100000 iterations are run, with the first 25000 iterations discarded as
burn-in. The Brooks-Gelman-Rubin statistic suggested that this was a conservative burn-in
with R̂ < 1.01 for all model parameters.
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Figure 1: MLEs of the survival regression parameters for each age group plotted against
the number of imputed datasets used for the simulation study with pw = 1 for scenarios (a)
p = 0.9, λ = 0.9; (b) p = 0.9, λ = 0.3; (c) p = 0.3, λ = 0.9 and; (d) p = 0.3, λ = 0.3. Red
corresponds to lambs (year 1); green to yearlings (year 2); and blue to adults (years 3+).
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Figure 2: MLEs of the survival regression parameters for each age group plotted against the
number of imputed datasets used for the simulation study with pw = 0.6 for scenarios (a)
p = 0.9, λ = 0.9; (b) p = 0.9, λ = 0.3; (c) p = 0.3, λ = 0.9; and (d) p = 0.3, λ = 0.3. Red
corresponds to lambs (year 1); green to yearlings (year 2); and blue to adults (years 3+).
7
(a) (b)
(c) (d)
Figure 3: Boxplots of the capture and recovery probabilities (horizontal line is the true value)
for the simulation study for scenarios (a) p = 0.9, λ = 0.9; (b) p = 0.9, λ = 0.3; (c) p = 0.3,
λ = 0.9; and (d) p = 0.3, λ = 0.3.
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